In this paper, we report an intriguing discovery of certain surface/curvelocalized transmission eigenstates associated with the Helmholtz equation or the Schrödinger equation under generic scenarios. The existence of such localized eigenstates is topologically very robust against large deformation or even twisting of the material interface, while the eigenstates themselves are topologically sensitive to the material interface. We consider their applications in producing a super-resolution imaging scheme and generating the so-called pseudo surface plasmon resonant (PSPR) modes with a potential bio-sensing application.
Introduction
We first present the mathematical description of the interior transmission eigenvalue problems. Let Ω be an open bounded and connected set in R N , N = 2, 3, with a Lipschitz boundary ∂Ω. Let n(x) ∈ L ∞ (Ω) and k ∈ R + . Consider the following system of partial differential equations (PDEs) for u ∈ H 1 (Ω) and v ∈ H 1 (Ω): where ν is the exterior unit normal vector to ∂Ω. (1.1) is referred to as the interior transmission eigenvalue problem associated with the Helmholtz equation. Clearly, u ≡ v ≡ 0 are a trivial solution to (1.1) . Indeed, by a standard PDE theory, it can be easily shown if one of u, v is trivial, then the other one is also trivial. If there exists a non-trivial pair of solutions (u, v) to (1.1), k ∈ R + is called a transmission eigenvalue, and u, v are the associated transmission eigenfunctions. In a similar manner, one can easily formulate the transmission eigenvalue problem associated with the time-harmonic Schrödigner equation as follows:
where V (x) ∈ L ∞ (Ω) denotes a potential field and E := k 2 signifies an energy level. It is readily seen that (1.1) and (1.2) are equivalently connected by taking n = 1 − V /k 2 for a given k ∈ R + . In what follows, in order to simplify the exposition, we shall mainly present our study for the transmission eigenvalue problem (1.1) and the corresponding applications to the scalar wave scattering governed the Helmholtz equation. Nevertheless, through the aforementioned connection, all of the subsequent results can be readily extended to the transmission eigenvalue problem (1.2) as well as the corresponding applications to the quantum scattering governed by the Schrödinger equation. The interior transmission eigenvalue problem arises in the scattering theory of timeharmonic waves and was first proposed in [22] in the context of a reconstruction scheme for inverse scattering problems. It also relates to the non-scattering phenomenon, a.k.a invisibility cloaks [5, 6, 8] . The spectral properties of the transmission egienvalues have been extensively studied in the literature. Under certain generic conditions on n, particularly including the case with n = 1 being a positive constant, it is known that there exist an infinite and discrete set of eigenvalues 0 < k 1 ≤ k 2 ≤ · · · ≤ k l ≤ · · · → +∞. For each eigenvalue, the corresponding eigenspace is finite dimensional. We refer to [9, 11, 31] and the references therein for the related studies of the aforementioned properties. Recently, it is revealed in [5] [6] [7] that the transmission eigenfunctions possess rich geometric structures. It is proved that near a point on ∂Ω where the magnitude of the (mean) curvature is sufficiently large, then the transmission eigenfunctions must be nearly vanishing. In particular, in the extreme case where the high-curvature part degenerates to become a corner, then under a certain mild regularity assumption on the transmission eigenfunctions, they must be vanishing. If the aforementioned regularity assumption is not fulfilled, the transmission eigenfunction v is localized around the corner.
Clearly, the geometric structures of the transmission eigenfunctions discussed above are of a local feature. In this paper, we report an intriguing discovery of certain global properties of the transmission eigenfunctions. Indeed, we find that under a generic scenario, the transmission eigenfunction v must be localized on the boundary surface in R 3 or the boundary curve in R 2 . That is, the energy of v is localized around ∂Ω and barely enters into the bulk Ω. For terminological convenience, those particular eigen-modes are referred to as the surface-localized eigenstates (SLEs). The existence of SLEs are shown to be topologically very robust against large deformation or even twisting of the boundary surface/curve ∂Ω. However, the SLEs themselves are topologically sensitive to the change of the boundary. Our study unveils a significant physical phenomenon that is completely unknown before. It is particularly interesting to note that our study indicates that the transmission eigenfunctions possess a sharply different geometric quantization property than that for the classical Laplacian in the quantum chaos [36] . Moreover, it provides a new perspective on wave localization, which is a central topic to many practical applications including surface plasmon resonances [2, 4, 14, 23, 30, 37] , topologically robust states in quantum Hall effect [12, 13, 18, 34] , directional optical waveguide [16, 17, 33] , photonic transport [21, 32, 35] , and cloaking due to anomalous localized resonance [3, 24, 29] . We shall consider the application of our localization result in super-resolution wave imaging by developing a novel imaging scheme of using the SLEs. One possible explanation of the super-resolution effect is that the SLEs mimic the surface plasmon resonances (SPRs) in a certain sense. Based on such an observation, we further introduce the notion of pseudo surface plasmon resonant (PSPR) modes, and propose propose a physical procedure in generating the PSPR modes. The PSPR mode poses the possibility of another potential bio-sensing application of the SLEs.
Surface-localized transmission eigenstates
In order to focus on the physical insights and simplify the exposition, unless specified otherwise, we shall mainly consider the case that n is a positive constant and n = 1. In fact, it is emphasized that all the subsequent results hold for the case that n is a variable function satisfying some generic requirements. Physically, n signifies the refractive property of an inhomogeneous medium supported in Ω and the transmission eigenvalue k signifies a wavenumber. Note that if (u, v) is a pair of eigenfunctions to (1.1), so is α · (u, v) for any α ∈ C\{0}. Hence, throughout we shall normalize v (or u in some occasions). Our localizing discovery states that under the following condition:
then the transmission eigenfunction v must be localized around ∂Ω. In fact, in the case that n is a variable positive function, (2.1) can be relaxed to be held only in a neighbourhood of ∂Ω. According to (2.1), SLEs occur in the following two generic scenarios. First, the material parameter n is sufficiently large, and then v is a SLE even for a low wavenumber k (being a transmission eigenvalue). This corresponds to the case that one has a highcontrast medium within Ω (the medium outside Ω possesses an n ≡ 1). Second, the material parameter is a regular one, namely n ∼ 1, then the transmission eigenfunction v associated with a high wavenumber k is an SLE. The rigorous justification of the above localizing result is highly technical and lengthy, and shall be presented in a forthcoming theoretical paper [10] . Next, we present some typical numerical results to verify and demonstrate the SLEs in different scenarios.
SLEs for high-contrast mediums.
We consider the first scenario mentioned above, namely n is sufficiently large in (1.1). In Fig. 1 , we calculate a transmission eigenvalue k = 1.0080 for Ω being a unit disk and plot the corresponding transmission eigenfunctions u and v. It is clearly seen that v is localized around ∂Ω. However, it is pointed out that the transmission eigenfunction u is not a SLE. In fact, this phenomenon also holds for the other cases in our subsequent discussion. That is, we usually have that v in (1.1) is a SLE, but u is generically not. Moreover, in Fig. 1 , we note that diam(Ω), being 1, is much smaller than the underlying wavelength, being 2π/k ≈ 2π. Such an observation is critical for our subsequent development of the super-resolution imaging scheme. Fig. 2 (a) and 2(d) show two more 2D examples. For the kite-shaped Ω in Fig. 2(d) , we note a significant localization phenomenon at the concave part of ∂Ω, which is also a critical ingredient for our subsequent development of the super-resolution wave imaging. 
2.2.
SLEs for high-wavenumber modes. We next consider the second scenario mentioned before. That is, for a regular n ∼ 1, the transmission eigenfunction v to (1.1) associated with a sufficiently large transmission eigenvalue k must be a SLE. Fig. 3 presents several cases in both 2D and 3D. Fig. 4(a) , we see the SLEs also exist for a non-simply connected shape.
2.4. SLEs for variable refractive inhomogeneities and coated objects. The SLEs also exist for variable refractive inhomogeneities. In Fig. 5 , (a)-(c), the transmission eigenfunctions v's are associated with n = 900 in the outside thin layer and n = 16 in the inside triangle. It is emphasized that the outside layer is not required to be very thin in order to exhibit the SLEs. We choose this specific example for our subsequent use. Fig. 5 , (e)-(f) correspond to a coated object, where the inside kite-domain is an insulator. That is, in (1.1), u does not exist in the inside kite-domain and we impose a zero Dirichlet condition of u on the boundary of the inside kite-domain.
Applications of SLEs
In this section, we consider two interesting and practically important applications of the SLEs presented in the previous section.
3.1. Super-resolution wave imaging. We briefly introduce the inverse scattering problem of recovering an inhomogeneous medium by its associated scattering measurements. Let u i (x) = e ikx·θ be an incident plane wave, which is an entire solution to ∆u i + k 2 u i = 0 in R N . Here,θ ∈ S N −1 := {x ∈ R N ; |x| = 1} is a unit vector, signifying the incident direction. The scattering due to the impinging of plane waves on the refractive inhomogeneity n supported in Ω is governed by the following Helmholtz system:
where u s is the scattered field and the last limit in (3.1) is the Sommerfeld radiation condition that characterizes the outgoing nature of the scattered wave. The solution u ∈ H 1 loc (R N ) to (3.1) possesses the following asymptotic expansion as |x| → ∞:
is known the scattering amplitude which encodes the information of the refractive medium n. We are concerned with the inverse problem of imaging the support of the inhomogeneity, namely Ω, by knowledge of the scattering amplitude for k from an open interval, say I = (κ 0 , κ 1 ). It can be recast as the following nonlinear operator equation
where F is defined by the Helmholtz system (3.1). Such an inverse problem is a prototypical model for many industrial and engineering applications including medical imaging and nondestructive testing. It is noted that there is the well-known Abbe diffraction limit for imaging the fine details of ∂Ω [25] . In fact, one has a minimum resolvable distance of d = λ/(2N ), where λ and N stand for the wavelength and numerical aperture respectively. In modern optics, the Abbe resolution limit is roughly about half of the wavelength. In this section, based on the use of the SLEs, we shall develop an imaging scheme that can break the Abbe resolution limit in recovering the fine details of ∂Ω for (3.2), independent of n, in certain scenarios of practical interest. The major idea is first to determine all the transmission eigenvalues within the interval I as well as the corresponding transmission eigenfunctions from the scattering data. This is referred to as Phase I of the proposed imaging scheme. Then in Phase II by making use of the localizing property and the vanishing property at cusp/corner places of the transmission eigenfunction, one can finely recover ∂Ω. The theoretical foundation for Phase I of the aforementioned scheme has been established in several existing works and can be conveniently found in [9, 27] . In particular, we shall present the full mathematical details of Phase I in [19] . For Phase II, clearly, it should be proceeded in a superposition manner. That is, we shall use the superposition of the following distinctive features of the SLEs to recover the global profile of ∂Ω: Bottom row corresponds to the case that n = 900 in the outside layer and the inside kite is an insulator.
we can determine four transmission eigenvalues, i.e., k 1 = 0.6219, k 2 = 0.6896, k 3 = 0.7858 and k 4 = 0.8370. The computed transmission eigenfunctions are denoted as v k j , j = 1, . . . , 4, which are actually Herglotz approximations to the underlying real transmission eigenfunctions v k j , j = 1, . . . , 4. Since n is large, according to our study in Section 2, those transmission eigenfunctions turn out to be SLEs. To recover the underlying ∂Ω, we first introduce the following imaging functional:
where K N = {k 1 , k 2 , · · · , k N }, 1 ≤ N ≤ 4. According to our discussion, it can be easily inferred that I K N (z) possesses the following indicating behaviours: it is relatively large if z is located inside Ω or at the corner places of ∂Ω. We present the reconstruction results in Fig.  6 , (a)-(c), by using 1, 2 and 4 SLEs, respectively. One readily sees that the square is already finely reconstructed with 4 SLEs. For comparisons, we also present the reconstruction results by using a sampling type method developed in several works [15, 20, 26, 28] by using the multiple frequency scattering data in (3.2) . The reconstruction results are presented in Fig. 6, (d) -(e). It can be seen that the reconstructions basically yield a spot without any resolution of the square-shape object. In fact, one can also implement the other popular imaging schemes including the linear sampling method or the factorization method [11] , the reconstruction effects shall remain almost the same. This is clearly justifiable due to the Abbe resolution limit by noting that the imaging frequencies range from 0.6 to 0.9, while the object is a square of side length 2. With the reconstruction in Fig. 6 , (c) in hand, one can further refine the recovery as follows. We first select a threshold value, with which one can cut a domain Ω from Fig. 6, (c) , which is an approximation to Ω. In order to refine the approximation, one can further implement the following imaging functional
4)
where p ∈ R + is sufficiently large. According to the localizing property of v k j , we easily infer that J K N (z) should be of a large amplitude when z is located around ∂Ω. Hence, (3.4) is naturally expected to further enhance the imaging reconstruction in Fig. 6, (c) , provided the SLEs v k j , j = 1, . . . , 4, are finely reconstructed. However, a finer recovery of v k j is computationally very costly and due to the limited computing resources available to us, we choose to explore along this direction in our future study. It is noted that a a finer recovery of v k j would also lead to improved imaging resolution for (3.3). As can be seen from Fig. 6 , even with a relatively rough recovery of the SLEs, v k j , j = 1, . . . , 4, the proposed imaging scheme can produce super-resolution effect compared to the existing schemes. Two remarks are in order. First, it is arguable that the super-resolution effect comes from the high-contrast medium parameter n in the specific example (cf. [1] ). Indeed, according to (2.1), a high-contrast n leads to relatively small k that can induce the desired SLE for the reconstruction, which is a matter of fact. However, in practice, for a regular refractive inhomogeneity, one may first coat the object via indirect means with a thin layer of high-contrast medium (cf. Fig. 5 ), then apply the same reconstruction procedure as above. According to the results in Fig. 5 , one clearly would have the same super-resolution reconstructions as in Fig. 6, (a) -(c). Second, it is observed through this example that the super-resolution is achieved at the cost of a large amount of computations and a restrictive requirement on the high-precision of the measurement data. This is unobjectionable due to the increasing capabilities of physical apparatus nowadays. Figure 7 . Reconstructions of a kite-object by multiple SLEs (top row) and multiple-frequency direct sampling method (middle row), respectively, where n = 100 for all cases. Bottom row gives the corresponding reconstructions of combining the above two reconstruction means.
Finally, we present another example in Fig. 7 where the target object is kite-shaped with n = 100. The imaging frequencies are chosen within [1, 3.1] , and the computed transmission eigenvalues in Phase I are k 1 = 1.2387, k 2 = 1.4771, k 3 = 2.0513, k 4 = 3.0013. The reconstructions by our proposed method are given in (a)-(c), whereas the reconstructions by the same sampling-type method as before are given in (d)-(f). (g)-(i) present the combined results of the above two reconstructions. Clearly, Fig. 7 , (i) yields a very nice reconstruction of the kite-object.
3.2.
Pseudo surface plasmon resonances and potential applications. Surface plasmon resonance (SPR) is the resonant oscillation of conducting electrons at the interface between negative and positive permittivity materials stimulated by incident light. It is a non-radiative electromagnetic surface wave that propagates in a direction parallel to the negative permittivity/dielectric material interface [2, 4, 14, 23, 30, 37] . Clearly, the SPR wave is a surface-localized mode. It is in this sense that the SLE can be viewed as a certain SPR. Indeed, viewed from the inside of Ω (this is unobjectionable since v is only supported in Ω), the behaviour of a SLE is very much like a SPR. However, SPR usually occurs in the quasi-static regime (subwavelength scale), whereas SLE can occur in both the quasi-static regime and the high-frequency regime. Indeed, according to our discussion in Section 2, the SLEs in the high-contrast medium case can occur in the quasi-static regime, and the high-wavenumber SLEs obviously occur in the high-frequency regime. Moreover, the SPR is usually generated from direct light incidence, whereas the generation of SLEs is rather indirect according to our earlier study. In particular if the optical parameter n is known, the one needs to solve the transmission eigenvalue problem (1.1) to obtain the corresponding transmission eigenfunctions including the SLEs. If the optical parameter n is unknown, then by Phase I of the proposed inverse scattering scheme in the previous section, one can also obtain the corresponding SLEs through a rather tedious procedure. As is known that the SPR can have many industrial and engineering applications including color-based biosensors, different lab-on-a-chip sensors and diatom photosynthesis [23] . In what follows, we show that the SLEs can also be generated through direct wave incidences. This will pave the way for the proposal of an interesting SLE sensing that is similar to the SPR sensing.
First, we introduce the so-called Herglotz wave:
which is a linear superposition of the plane waves. Obviously, v k g is an entire solution to (∆ + k 2 )v k g = 0 in R N . Assuming R N \Ω connected, the Herglotz waves are dense in the space {v ∈ H 1 (Ω); (∆+k 2 )v = 0 in Ω}. Hence, for any transmission eigenfunction v to (1.1), there exists g ∈ L 2 (S N −1 ) such that v k g ≈ v in H 1 (Ω). Next, for a refractive inhomogeneity n supported in Ω with R N \Ω connected, we consider the following transmission eigenvalue problem:
in Ω, u =ṽ, ∂ũ ∂ν = ∂ṽ ∂ν on ∂Ω.
(3.6)
Let k 0 be an associated transmission eigenvalue such thatṽ is a SLE. Set k 0,n := k 0 / √ n. Clearly, one has (∆ + k 2 0,n )ũ = 0 in Ω. Letũ k 0,n g be a Herglotz wave function of the form (3.5) such thatũ k 0,n g ≈ũ in H 1 (Ω). Now, we consider the scattering problem (3.1) with the incident field u i =ũ k 0,n g . It is straightforward to show that if u ∞ (x,ũ k 0,n g ) ≡ 0 (equivalent to u s (x,ũ k 0,n g ) = 0 in R N \Ω by Rellich's Theorem [11] ), one has the following transmission eigenvalue problem (3.6) with k = k 0 ,ũ = u i | Ω andṽ = u| Ω . Conversely, noting that we actually have u i ≈ u from our earlier construction, one can show (cf. [*]) that u ∞ ≈ 0, and more importantly u| Ω ≈ṽ. Sinceṽ is a SLE, we see that u| Ω is also a SLE (at least approximately).
Let us summarize the above procedure. In order to generate a SLE for a refractive inhomogeneity n in Ω by a direct wave incidence, one first calculates a pair of transmission eigenfunctions (ũ,ṽ) of (3.6) such thatṽ is a SLE. Then using the Herglotz approximation, one can generate an incident field u i fromũ. Next, applying the obtained incident field to impinge on the refractive inhomogeneity n in Ω, one has that the total wave field u restricted in Ω is a SLE. Furthermore, we introduce
Clearly, w is generated from a direct incidence on the inhomogeneity n. w ≈ 0 in R N \Ω and w ≈ṽ. That is, w is localized around ∂Ω, which exhibit a similar behaviour of the SPR wave. In what follows, we refer to w as the pseudo plasmon resonant (PSPR) mode. In Fig. 8 , we present a numerical illustration of the generation of a PSPR mode. The generation of SLEs through the procedure described above can have some interesting application. Let (Ω, n) be an a-priori known inhomogeneity. Due to a certain reason, it is supposed that ∂Ω has some fine defects. That is, the support of the inhomogeneity actually becomes ∂ Ω. Following the spirit of SPR sensing, one can detect the boundary defects as follows. Let u i be an incident field that can generate an SLE w associated with (Ω, n) (see Fig. 8 (a), 8(b) and 8(c)). The field impinges on ( Ω, n), and we let w be the associated field according to (3.7) . In Fig. 8(d) , 8(e) and 8(f), we present the corresponding numerical results. It can be seen that the difference w − w is sensitive with respect to the boundary defects ∂ Ω − ∂Ω, and hence it can be used for the fine detection of the defects. It is a promising sensing technique that is worth of further investigation. 
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